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We study the anomalous Hall effect and the orbital magnetization in chiral antiferromagnets, construct-
ing a simple tight-binding model on a stacked Kagome lattice structure with spin-orbit coupling and the
exchange interaction between the localized spins and itinerant electrons. It is shown that the chiral antifer-
romagnet with spin-orbit coupling is an orbital ferromagnet with the easy-plane anisotropy. The relation
between the orbital magnetization and the configuration of the Weyl points are discussed.
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Introduction— The anomalous Hall effect is observed in
ferromagnetic materials with spin-orbit coupling.1, 2) It is
known that the anomalous Hall effect is originated from ex-
trinsic scattering by spin-orbit coupled scatterers or intrin-
sic contribution from the spin-orbit coupled electronic band
structure.1) In most cases the Hall resistivity is expressed in
the following form
ρxy = R0B
ext
z + RsM
spin
z , (1)
where Bextz is an external magnetic field and M
spin
z is the spin
magnetization. At zero field, the Hall conductivity of a ferro-
magnetic metal is proportional to the perpendicular compo-
nent of the spin magnetization,1)
σAHEi j ∝ ǫi jk Mspink . (2)
Because of this relation, the anomalous Hall effect is used
to detect the magnetization in ferromagnetic materials. In
magnetic materials with noncoplanar spin configurations a fi-
nite scalar spin chirality acts as a fictitious magnetic field in
real space for the conduction electrons and contributes to the
anomalous Hall effect even without spin-orbit coupling.1)
The anomalous Hall effect in antiferromagnets has been
theoretically studied.3–11) Recently, the anomalous Hall ef-
fect was experimentally observed at room temperature in non-
collinear antiferromagnets Mn3Z, where Z = Sn, Ge, and
Ir.12–15) The anomalous Hall conductivity is as large as that
in conventional ferromagnetic metals such as Iron and Cobalt
even though the net spin magnetization is negligibly small.12)
Mn3Z has the layered hexagonal lattice structure. Inside a
layer, Mn atoms form a Kagome-type lattice with mixed tri-
angles and hexagons and Z (Sn, Ge, and Ir) atoms are lo-
cated at the center of these hexagons. All Mn moments are
arranged inside the Kagome plane forming triangular spin
structures, referred to chiral antiferromagnets(CAF). Since
the scalar spin chirality is zero in antiferromagnets, the mech-
anism of anomalous Hall effect is essentially different from
that in magnetic materials with noncoplanar spin structures.
Electronic structures in chiral antiferromagnets have been
studied using first principle calculation7, 8, 10, 11) , and the ex-
istence of multiple Weyl points has been observed.10) It has
been also shown that the mechanism of the anomalous Hall
effect in Mn3Z can be characterized by the cluster extension
of octupole moments in the same manner as that in ferromag-
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nets by the magnetization of dipole moment.11) Up to now,
however, a simple tight-binding model has not been studied
in detail. In this paper we construct an effective tight-binding
Hamiltonianwith the exchange interaction and spin-orbit cou-
pling on a stacked Kagome lattice. We show that the sys-
tem has a spontaneous orbital magnetization even though net
spin magnetization is zero. The anomalous Hall conductivi-
ties, σxy, σyz, and σzx are computed using the Kubo formula
and connected with the orbital magnetization. The existence
of Weyl points plays an important role in the anomalous Hall
effect. We discuss the relation between the orbital magnetiza-
tion and the configuration of the Weyl points.
Model Hamiltonian— In the following we construct a
single-orbital tight-binding model on the layered hexagonal
lattice (the stacked Kagome lattice structure) of Mn atoms,
neglecting electronic degrees of freedom on Z sites, as shown
in Fig. 1 (a). We start from the hopping term
H0 = −
∑
〈i, j〉
ti jc
†
iσ
c jσ, (3)
where c
†
iσ
creates an electron with spin σ (= ↑ or ↓) at the ith
site of the stacked Kagome layers, and 〈i, j〉 denotes nearest
neighbors. As Fig. 1 shows, a unit cell of the crystal consists
of six atoms located at A = (0, 0,
√
2
3
c), B = ( a
2
,
√
3a
2
,
√
2
3
c),
C = (− a
2
,
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,
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c) in one layer and A′ = (0, 2a√
3
, 0),
B′ = (− a
2
, a
2
√
3
, 0), C′ = ( a
2
, a
2
√
3
, 0) in another layer. Here
a and c are lattice spacing intralayer and interlayer, respec-
tively. The intralayer nearest-neighbor vectors are given by
a1 = (− a2 ,−
√
3a
2
, 0), a2 = (a, 0, 0), a3 = (− a2 ,
√
3a
2
, 0), and in-
terlayer nearest-neighbor vectors are c1 = (− a2 ,− a2√3 ,
√
2
3
c),
c2 = (0,− a√
3
,−
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2
3
c), c3 = (
a
2
, a
2
√
3
,−
√
2
3
c) as shown in Fig.
1. In the following we set ti j = t0 (between nearest neighbor,
otherwise zero) and a = c = 1 for simplicity.
Next we introduce spin-dependent nearest-neighbor hop-
ping which is one of ingredients for the anomalous Hall effect.
In the stacked Kagome lattice inversion symmetry is locally
broken. In a process of nearest neighbor hopping an electron
feels an electric field perpendicular to the direction of hopping
that gives rise to the spin-orbit coupling term of the form
Hso = itso
∑
<i, j>
ni j · c†iσσσσ′c jσ′ , (4)
1
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Fig. 1. (a) Structure of layered hexagonal lattice structure in Mn3Z (Z=Sn,
Ge, and Ir). Each layer forms Kagome lattice of Mn atoms. Z atoms are
located at the center of hexagons. (b) Nearest-neighbor vectors ai in the
Kagome plane of Mn atoms. (c) bi vectors characterize the symmetry of
the spin-orbit interaction. (d) Nearest-neighbor vectors ci between neigh-
boring Kagome planes. (e) Vectors in the spin-orbit coupling term in Eq.
(4).
where tso is the strength of spin-orbit coupling and ni j (=
−nji) is the unit vectors perpendicular to the directions of
hopping and the local electric fields. In a Kagome layer
nBA = nCB = nAC = nB′A′ = nC′B′ = nA′C′ = (0, 0, 1),
while nA′B = nB′A = 2b1 × c1 = ( 1√
2
,− 1√
6
,− 1√
3
) along
c1, nB′C = nC′B = 2b2 × c2 = (0,
√
2
3
,− 1√
3
) along c2, and
nC′A = nA′C = 2b3 × c3 = (− 1√
2
,− 1√
6
,− 1√
3
) along c3, where
b1 = (− 14 ,−
√
3
4
, 0), b2 = (
1
2
, 0, 0), b3 = (− 14 ,
√
3
4
, 0) as shown
in Fig. 1(b). All unit vectors, ni j, are illustrated in Fig. 1(e).
The interaction between itinerant electron spins and local-
ized spins is described by the exchange coupling term
Hexc = −J
∑
i
mi · c†iσσσσ′ciσ′ , (5)
(a) CAF1 (b) CAF2
x
y
z
Fig. 2. Configuration of local spins on Mn atoms (a) CAF1 and (b) CAF2.
Spin configurations are experimentally realized depending on the direction
of magnetic fields along x and y, respectively.
where mi is the direction unit vector of the localized mag-
netic moment at ith site. We focus on two cases with spin tex-
tures under the magnetic fields along the x and y directions,
referred to CAF1 and CAF2, respectively, as shown in Fig.
2 (a) and (b). In terms of the Fourier components of the cre-
ation and annihilation operators, c
kσ
= 1√
N
∑
j c jσe
ik·R j , the
total Hamiltonian is represented in the form of
H = H0 + Hso + Hexc
=
∑
k
c
†
kσ
Hσσ′ (k)ckσ′ . (6)
The energy eigenvalues, obtained by diagonalizingH(k), are
shown along high-symmetry lines in Fig. 3 for (a) CAF1
and (b) CAF2 configurations. Here we set tso = 0.2t0 and
J = 1.7t0. These parameters have been estimated from the
first principle calculation in Ref. 7 for Mn3Ir. We checked that
qualitative behaviors shown below remain unchanged as the
parameters change.
Anomalous Hall conductivity— Using the Kubo formula
the anomalous Hall conductivity σi j (i , j) from the intrinsic
mechanism is given by
σi j =
e2
h
ǫi jk
∑
n
∫
BZ
d3k
(2π)2
Ωn,k(k) f (Enk − µ), (7)
where Ωn(k) = ∇k × An(k) is the Berry curvature and
An(k) = −i 〈unk∇kunk〉 is the Berry connection, unk〉 be-
ing the Bloch state obtained by solving the eigen equation
H(k) unk〉 = Enk unk〉. The anomalous Hall conductivities
are shown as a function of the Fermi energy E in Fig. 3 for
(c) CAF1 and for (d) CAF2. In the CAF1 configuration σyz is
finite, while σzx = σxy = 0. In the CAF2 configuration, on the
other hand, σzx is finite, while σxy = σyz = 0. These results
are consistent with experiments.12–15)
Orbital magnetization—Next we consider the orbital mag-
netization which is obtained by the following equation,2, 16)
Morbit =
e
2h
∑
n
∫
BZ
d3k
(2π)2
f (Enk − µ)
×i
〈
∂unk
∂k
× {2µ − Enk − H(k)} ∂unk
∂k
〉
, (8)
and discuss the relation with the anomalous Hall effect. Here
µ is the Fermi energy. The orbital magnetization Morbit =
(Mx, My, Mz) is shown in Fig. 4 (a) for CAF1 and (b) for
CAF2 as a function of the Fermi energy E. In CAF1 Mx is
finite, while My = Mz = 0. In CAF2, on the other hand, My
is finite, while Mx = Mz = 0. These results show that the
ground state of the our tight-binding Hamiltonian under the
fixed local spin magnetizations (CAF1 and CAF2) possesses
a finite orbital magnetization contrary to the fact that the net
spin magnetization is zero. In the presence of a magnetic field
B pointing in the Kagome plane, the orbital magnetization
couples with the field2, 16) via −B · Morbit. When B points in
the x direction, the CAF1 configuration with Morbit pointing
in the x direction is energetically favored. Similarly, when B
points in the y direction, the CAF2 configuration with Morbit
pointing in the y direction is favored, consistent with experi-
ments.12–15)
Here we study the anisotropy of the orbital magnetiza-
tion. We first consider the case where the local magnetiza-
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Fig. 3. Band structure of the tight-binding Hamiltonian H(k) for configu-
rations of local spins on Mn atoms (a) CAF1 and (b) CAF2, respectively.
(c), (d) The anomalous Hall conductivities as a function of the Fermi en-
ergy E for (c) CAF1 and (d) CAF2.
tions are given as mA = (cosφ, sinφ, 0), mB = (cos(φ −
2π
3
), sin(φ − 2π
3
), 0), mC = (cos(φ +
2π
3
), sin(φ + 2π
3
), 0) on
the A, B, and C sublattice, as shown in Fig. 5 (a). Here φ is
the in-plane tilting angle of the local spin magnetization from
the CAF1 configuration. Figure 5 (c) shows the angle depen-
dence of the orbital magnetization Morbit = (Mx, My, Mz) and
|Morbit| =
√
M2x + M
2
y + M
2
z as a function of φ at the Fermi
energy µ = −t0. The results show that the orbital magneti-
zation changes as Morbit = M0(− cosφ, sinφ, 0), where the
norm M0 = |Morbit| is independent of φ. The qualitative be-
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haviors remain unchanged as the Fermi energy changes. To
study the anisotropy of the orbital magnetization we com-
pute the total energy of electrons, ε = 1
N
∑
n,k Enk f (Enk − µ)
as a function of φ, where N is the number of unit cells
and f is the Fermi-Dirac distribution function. Figure 5
(d) shows the total energy of electrons as a function of φ,
ε(φ, 0), at µ = −t0. Now we compare ε(φ, 0) to the energy
in the case of out-of-plane local spin configuration mA =
(cos θ, 0, sin θ), mB = (− 12 cos θ,−
√
3
2
cos θ, sin θ), and mC =
(− 1
2
cos θ,
√
3
2
cos θ, sin θ), where θ is the out-of-plane tilting
angle (Fig. 5 (b)). As shown in Fig. 5 (d), the total energy
computed as a function of θ, ε(0, θ), has maxima at θ = π/2
and 3π/2, while ε(φ, 0) is independent of φ. These behaviors
clearly indicate that the system is an orbital ferromagnet with
the easy-plane anisotropy.
By comparing the anomalous Hall conductivity and the or-
bital magnetization, σyz and Mx in CAF1 for example, one
finds that both quantities are not proportional to each other. In
the conventional ferromagnet, on the other hand, the anoma-
lous Hall conductivity is proportional to the spin magnetiza-
tion as seen in eq. (2).
To see the connection between the anomalous Hall effect
and the orbital magnetization, we decompose the Hall con-
ductivity into two terms17)
σi j = σ
(I)
i j
+ σ
(II)
i j
. (9)
σ
(I)
i j
= (e2/h)Tr(viG
+v jG
−), where G± = (µ ± i0 − H)−1 and
vi = ∂H(k)/∂(~ki), is associated with states on the Fermi sur-
face.17) On the other hand,
σ
(II)
i j
= −eǫi jk
∂Morbit
k
∂µ
(10)
is the contribution of all filled states below the Fermi energy
and is a thermodynamic equilibrium property of the magnetic
material.17) In fig. 4 (c) the anomalous Hall conductivity σyz
obtained by eq. (7) and σ
(II)
yz , eq.(10), are compared. Near the
peaks of the anomalous Hall conductivity, these quantities are
close each other.
Weyl points—Finally we study theWeyl points in the spec-
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the Weyl points. (c)-(h) Energy dispersions around the Weyl points WP1
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trum of H(k). Weyl semimetals and Weyl metals are char-
acterized by the presence of nondegenerate band-touching
points (Weyl points) which appear as separated pairs in mo-
mentum space.18, 19) In terms of the Berry curvature, Weyl
points are synthetic magnetic monopoles, and thus contribute
to the anomalous Hall conductivity. Here we focus on the
Weyl points appearing between fourth band and fifth band
in CAF2, where the anomalous Hall conductivity σzx takes
a maximum value around E/t0 = −2 in Fig. 3 (d). The model
HamiltonianH(k) with parameters shown above has 16Weyl
points between fourth and fifth bands in the first Brillouin
zone as shown in Fig. 6 (a). Figure 6 (b) shows the Berry
curvature2) of the fourth band in the vicinity of the Weyl point
WP2 noted in Fig. 6 (a). By examining whether the Berry flux
is inward or outward, the chirality of the Weyl points can be
assigned by the sign ± in Fig. 6 (a). Figures 6 (c)-(h) show
energy spectra near the Weyl points.
We now present a qualitative argument showing the relation
between the directions of the orbital magnetization, anoma-
lous Hall conductivity tensor, and the positions of the Weyl
points. In a Weyl semimetal the low-energy excitations are
described by the Weyl Hamiltonian18, 19)
H (α)±
Weyl
(k) = ±~vFσ · (k − Q(α)± ). (11)
Here we consider the case where the energy dispersion is
isotropic for simplicity. The Weyl points appear as pairs with
opposite chiralities: the sign in the right hand side of eq. (11).
Q
(α)
+ is the position of the Weyl point of αth pair with the pos-
itive chirality, and Q
(α)
− is that with the negative chirality. The
separation of the Weyl points ∆Q(α) = Q
(α)
+ −Q(α)− can be real-
ized when time-reversal and/or inversion symmetries are bro-
ken. When time-reversal symmetry is broken, the anomalous
Hall effect occurs. In an ideal Weyl semimetal where all Weyl
points appear at the same energy, say µ = 0, the anomalous
Hall conductivity is given by the sum of contributions from
pairs of Weyl points separated by ∆Q(α),
σ
Weyl
i j
= ǫi jk
e2
2πh
∑
α
∆Q
(α)
k
, (12)
at µ = 0.18, 19) In terms of decomposition of the anomalous
Hall conductivity eq. (9), σ
(I)
i j
= 0 because there is no finite
Fermi surface at µ = 0, vanishing the density of states. On the
other hand, eq. (10) connects the Hall conductivity and the
orbital magnetization, leading the relation20)
Morbit = − eµ
2πh
∑
α
∆Q(α) (13)
at the Fermi level µ.
In our model the band dispersions are bent as shown
in Fig. 6 so that hole pockets appear when the Fermi
level resides at the Weyl point. The anomalous Hall con-
ductivity and the orbital magnetizations are not as sim-
ple as eqs. (12) and (13). Nevertheless, qualitative behav-
iors such as the relation between the directions of the or-
bital magnetization, the anomalous Hall conductivity ten-
sors, and the configurations of the Weyl points are the
same as those. Indeed, the position of the Weyl points
shown in Fig. 6 (a) are a−1(±0.5341,±0.8948,±2.110) and
a−1(±1.948,±3.434,±3.565), and the sum of the relative dis-
placements of all pairs,
∑
α ∆Q
(α) = a−1(0, 8.71, 0), point the
y direction. Thus, eq. (12) indicates that σzx , 0 and σxy =
σyz = 0, and eq. (13) indicates that My , 0 and Mx = Mz = 0,
consistent to the results shown in Figs. 3 and 4. The estimated
value σ
Weyl
zx = 1.39 [e
2/ha] and ∂My/∂µ = −1.39 [e/ha], from
eq. (12) and eq.(13) respectively, are in reasonable agreement
with the anomalous Hall conductivity σzx = 1.21 [e
2/ha] and
∂My/∂µ = −1.16 [e/ha] at E = −1.96t0 in the lattice model
shown in Figs. 3 and 4.
Conclusion— In this work we studied the anomalous Hall
effect and the spontaneous orbital magnetization in chiral an-
tiferromagnets. We showed that the single-band tight-binding
Hamiltonian indicates an orbital ferromagnetic order with the
easy-plane anisotropy. The symmetry relation between the
anomalous Hall conductivity and the local spin configuration
is characterized by the Weyl points and is consistent with ex-
periments.
While we were finalizing the paper, a preprint Ref. 24 ap-
peared. While we focus on itinerant electrons on Mn atoms,
Ref. 24 focuses on Z atoms in Mn3Z where Z=Sn or Ge.
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